Abstract-A new analytical formalism to study the effect of discontinuities in a nonreciprocal waveguide has been developed. The analysis is based on 1) the general orthogonality relation obtained from the reciprocity theorem, 2) the modal expansion of the transverse electromagnetic fields within the waveguide, and 3) the continuity of the tangential components of such electromagnetic fields at both sides of the discontinuity. The formalism is presented in a matrix form, which allows the treatment of several discontinuities as a simple summation and product of coupling and propagation matrices. The matrix formalism is developed for magnetooptic waveguides in the three different orientations of the magnetization, and, within this context, two practical applications of magnetooptic isolators are studied.
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I. INTRODUCTION
T HE USE of nonreciprocal layers is becoming increasingly interesting for the development of integrated optical devices such as isolators [1] - [9] , circulators, or modulators [10] - [12] . Before fabrication, these devices require a careful design to optimize their performances. For this purpose, different formalisms have been used to study the propagation of the light for planar [13] or more complicated structures [14] - [19] . Nevertheless, these devices are usually interconnected to other active or passive components such as waveguides or divisors. Therefore, the behavior of the light at the interconnections of the different components should be taken into account in the design of the whole integrated optical circuit. Great effort has been made to study the propagation of light through such discontinuities in isotropic media [20] - [23] , where the modes of the guiding structures form an orthogonal basis. However, in the case of arbitrary anisotropic media, the modes supported by the guiding media do not form, in general, an orthogonal basis. Thus, the aim of this article is to study in detail the coupling between the light modes at step discontinuities when at least one of the media is anisotropic and nonreciprocal, i.e., when its dielectric tensor is nonsymmetric. This new analysis for nonreciprocal waveguides is based on the following three different statements: 1) the general orthogonality relation obtained from the reciprocity theorem [24] , [25] ; 2) the modal expansion of the electromagnetic fields inside the guiding structures; 3) the continuity of the tangential components of the electromagnetic fields at the interface between two different guiding media. In addition, the analysis can be expressed in a matrix form, allowing the study of subsequent discontinuities as a summation and product of coupling and propagation matrices. This paper is organized as follows. Section II describes the general orthogonality relation between modes in nonreciprocal waveguides and the modal expansion of the electromagnetic fields. In Section III, the continuity of the tangential components at step discontinuities is used to establish the general relations between the modes for arbitrary nonreciprocal media. Finally, Sections IV and V present the developed formalism in the case of magnetooptical waveguides for the three different orientations of the magnetization together with two practical applications for magnetooptic isolators.
II. ORTHOGONALITY RELATION AND MODAL EXPANSION
A general method to describe any electromagnetic field distribution in a waveguide can be done using the electromagnetic modes of the guiding structure, which are solutions of the Maxwell equations of the form (1) where and are, in general, vectorial functions with three components, is the wave vector in vacuum, is the effective propagation index, and stands for the frequency of the light. We have assumed that the light is propagating along the direction and the waveguide is invariant in such direction.
In the case of isotropic waveguides, the modes are orthogonal to each other, and the orthogonality relation is given by the expression (2) where the subscript denotes the transversal field components, i.e., the and components. Such orthogonality relation allows 0733-8724/04$20.00 © 2004 IEEE the expression of any transversal field distribution as a superposition of modes of the waveguide. In contrast, in nonreciprocal waveguides, the modes are not, in general, orthogonal to each other and the previously described relation between modes is not valid. However, by using the reciprocity theorem [24] , [25] , a general orthogonality relation between any pair of modes, for reciprocal or nonreciprocal waveguides, can be established [26] as shown in (3) at the bottom of the page, where and are the transversal component of the electric and magnetic fields of the mode of the waveguide, respectively. On the other hand, the prime mode represents the th mode of the structure in a situation in which the dielectric tensors of the nonreciprocal media are transposed (for magnetooptical materials, the dielectric tensor is transposed when the magnetization is reversed). In such a situation, the waveguide will be denoted as the complementary waveguide. In the case of reciprocal waveguides, the dielectric tensor is symmetric, and therefore, the prime mode denotes as well the th mode of the normal waveguide. In expression (3) , and are the effective propagation indexes of the th and th modes of the normal and the complementary waveguides, respectively, and represents the unitary vector in the direction (see Fig. 1 ).
Expression (3) can be used to extract a particular mode of a modal expansion only if the integral is not zero, that is, if is fulfilled. If the th and th modes are traveling in the same direction in the axis, the relation is never zero, forcing the integral to vanish. Therefore, both modes must travel in opposite directions, and the relation (3) can be rewritten as (4) , shown at the bottom of the page, where the and refer to modes traveling in the positive or negative direction of the axis, respectively. As a consequence, for reciprocal or nonreciprocal media, (4) establishes that the integral must be zero, unless (5) This means that the waveguide must be bidirectional for reciprocal systems. However, in nonreciprocal systems, the waveguide must be bidirectional with respect to the complementary waveguide (for example, with its magnetization reversed in magnetooptical waveguides). A condition for a waveguide to be bidirectional is to have, at least, one symmetry operation that interchanges the and directions of the axis [26] .
As it was mentioned previously, any field distribution of the transversal components of the electromagnetic fields can be expressed as a modal expansion of the modes of the guiding structure. Depending on the selected boundary conditions, it can be differentiated between closed and open waveguides. Then, in the case of closed waveguides, an arbitrary transversal field can be written as a sum over the infinite set of discrete modes supported by the waveguide (6) For open waveguides, the expansion must be carried out for the finite set of discrete modes as well as for the continuous spectrum of radiative modes of the waveguide. As a consequence, the transverse fields will be expressed as (7) where and represent the continuous part of the modal spectrum.
If the condition (5) is fulfilled and the modes are not normalized, using the modal expansion and the orthogonality relation given by (4), the following expressions can be found: (8) where and are the normalization constants of the th mode and the integral is over the transversal plane . Hereafter, (4) we will assume that the modes of the modal expansion are normalized.
Providing the condition (5) is again satisfied, the coefficients of the modes within the modal expansion can be obtained through (4), as can be seen in (9) III. TRANSMISSION AND REFLECTION THROUGH STEP DISCONTINUITIES
The system under study is shown in Fig. 1 . Such a system is composed of three layered waveguides, which are separated by two step discontinuities. The first and third waveguides are semi-infinite and the light comes from the first one. We consider the general case in which all the media are nonreciprocal. If , , are the set of modes supported by the first, second, and third guiding media, respectively, and , , their respective complementary modes, which satisfy the bidirectionality conditions between the normal and complementary waveguides given by (10) then, using (9) and the continuity of the tangential components of the electric and magnetic fields at the first interface, we can obtain (11) , shown at the bottom of the page. These equations can be written in a matrix form as (12) where (13) In a contracted form, (12) can be expressed by (14) The matrices describe the coupling of the modes of the first waveguide into the mode of the second.
If we now consider the interface of the second and third waveguides, we can find (15) , shown at the bottom of the page, or in matrix form (16) (11) (15) where (17) As in the case of the first interface, this equation can be written in a contracted form as (18) The introduction of (14) in (18) allows the relation of the modes of the first and third media: (19) In this equation, the matrices represent the coupling of the modes of the second waveguide into the mode of the third guiding medium, and stands for the propagation of the mode along the distance of the second waveguide. The nonreciprocity of the media is taken into account within , since the propagation constants for the forward-and backwardtraveling modes are, in general, different ( ). The nonreciprocity is also taken into account in the calculation of the normalization constants of the modes and coupling matrices, since the modes of the complementary waveguides whose effective propagation constants satisfy (10) are introduced in the calculations.
Once we have obtained the relations between the modes of the first and third waveguides, we are able to calculate the reflectivity and transmitivity of each mode through the structure. Equation (19) can be expressed as (20) Then, the matrices connect the modes of the first waveguide with the mode of the third guiding medium, acting as a waveguide transfer matrix.
Generally, the incident coefficients will be known values and can be expressed as (21) where with representing the fraction of mode with respect to the total of incident modes.
If (21) is introduced into (20) and the result is divided by , the next expression obtained is (22) In this equation, represents the transmitivity of the mode of the third waveguide, and is the reflectivity of the mode of the first guiding medium. Considering all the and modes of the first and third waveguides, respectively, a set of linear equations is obtained. Its solution provides the transmitivities and reflectivities of the different modes.
The formalism can be extended to any number of discontinuities simply by adding and multiplying coupling and propagation matrices, as is done in (19) . Assuming discontinuities, the modes at the guiding medium will be given by
IV. DISCONTINUITIES IN MAGNETOOPTIC WAVEGUIDES
We can apply the developed formalism to analyze the effect of discontinuities in magnetooptic waveguides for different orientations of the magnetization. Thus, we are going to consider the case of a magnetooptical waveguide, which is between two isotropic guiding media. The dielectric tensor of a magnetooptic material with the magnetization in an arbitrary direction is expressed by (24) As can be observed, this dielectric tensor is nonsymmetric, as is the case of the nonreciprocal media. The nondiagonal elements of the dielectric tensor have a linear dependence on the magnetization, while the dependence is quadratic for the diagonal terms. Therefore, when the magnetization is reversed, the dielectric tensor is transposed, that is, . As a result, the magnetooptic complementary waveguide is obtained reversing the direction of the magnetization.
For simplicity, we consider open-slab waveguides, since analytical solutions can be found for these systems. Another simplification that can be made is to assume that the coupling of the radiative modes into guided modes at the discontinuities can be neglected. Consequently, the radiative terms in the modal expansions (7) can be eliminated. Such simplification can be carried out if the discontinuity between the waveguides is not very strong [20] and if the separation between discontinuities is much bigger than the wavelength of the light.
The configuration of the isotropic waveguides is chosen to obtain only two guided modes, the and the . On the other hand, the magnetooptic waveguide also has two guided modes but they will not be, in general, TE or TM.
To calculate the transverse resonant condition ( ) and the field distribution of the modes ( ) in the magnetoopticand isotropic-layered waveguides, we can use a 4 4 matrix formalism developed by Vassell [13] . This formalism is used to ob-tain exact analytical solutions for arbitrary anisotropic-layered media and is based on the continuity of the tangential components of the electromagnetic fields at the interfaces of the layer stack ( and components).
In conclusion, this example deals with isotropic and magnetooptic waveguides, that is, reciprocal and nonreciprocal systems. Since their propagation properties and symmetries are different, both systems will be treated separately in the following subsections.
A. Isotropic Waveguides
Regarding the isotropic-layered waveguides (first and third waveguides), the guided solutions of the Maxwell equations can be grouped into TE or TM modes, and both polarizations are uncoupled. With regard to their symmetry, it can be shown that [26] , [27] (25) Then, the forward-and backward-traveling modes have the same effective propagation constant, but with opposite signs, producing a bidirectional waveguide. On the other hand, the fields of the forward-and backward-traveling modes satisfy [26] , [27] (26)
The relations (25) and (26) simplify the orthogonality equation between modes (see (1)), as well as the modal expansion of the transversal components.
B. Magnetooptic Waveguides
The propagation properties of the light in a magnetooptic waveguide hinge on the direction of the applied magnetic field. Depending on the direction, three different configurations can be distinguished: transversal, longitudinal, and polar ( , , and directions, respectively).
1) Transversal Configuration:
In this configuration, the magnetization lays in the axis, and therefore, the dielectric tensors of the magnetooptical layers are represented by (27) The elements and are different to take into account the quadratic magnetooptic effect. Within this configuration, the modes supported by the structure are also TE and TM, with both being uncoupled. Since the TE and TM modes are orthogonal, both polarizations can be treated separately.
In this configuration, the magnetization effects come from different elements of the dielectric tensor for each light polarization. The TE mode has only one component of the electric field . Accordingly, the effect of the magnetization over this mode can only be owed to the quadratic magnetooptic coefficient present within the term. Since the effect is quadratic, a change in the sign of the magnetization does not modify the propagation properties of the guided light. As a consequence, the normal and the complementary waveguides are identical and the following relation is satisfied: (28) Then, in the case of the TE modes, the waveguide is bidirectional and the propagation properties and symmetries of the isotropic systems, (25) and (26), are applicable. The effect of the magnetization on the propagation properties of the TE mode is a slight variation of the effective propagation constant . Since such variation comes from the element of the dielectric tensor, becomes a quadratic function of the magnetic field.
In contrast, the TM mode has two electric components ( and ), which are coupled by means of the nondiagonal element . In this situation, if the magnetization is reversed, the propagation properties are modified. Such behavior can be seen as a consequence of the nonreciprocity of the waveguide for the TM mode. Therefore, the forward-and backward-traveling modes do not satisfy (25) and (26) . Besides, the propagation constants of the modes traveling in the or directions of the axis are different, i.e., . However, owed to symmetry considerations, the following relation for the TM mode in the transversal configuration can be found [26] : (29) that is, the effective propagation constant of the forward mode corresponds to the propagation constant of the same backward mode, but for the complementary waveguide (with the magnetic field applied in the opposite direction). With regard to the symmetry of the electromagnetic fields, it is possible to correlate the forward modes of the normal waveguide and the backward modes of the complementary waveguide, finding (30) Such relations simplify the formalism, since only the calculation of the forward and backward modes of the normal waveguide is necessary.
Although the dielectric elements involved in the magnetooptic effect are different in the TE and mode polarizations, the modification induced in the propagation properties of the modes is also a change in the effective propagation index ( ). However, this variation is linear for the TM mode, since it is due to the nondiagonal term . In conclusion, the magnetization induces a reciprocal or nonreciprocal phase shift for the TE or TM polarizations, respectively.
If the waveguides are monomode for each polarization, (19) , connecting the modes in the first and third waveguides, can be expressed as (31) where the subscript can denote indistinctly the TE or TM polarizations.
For each polarization, the matrix represents the coupling of the fundamental mode of the first medium into the only accessible guided mode of the second medium, describes the reciprocal or nonreciprocal propagation along the second medium, and finally, the establishes the coupling of the fundamental mode of the second medium into the fundamental one of the third.
In this situation, (22) is transformed into
and, therefore
The previous expressions give the reflectivity and transmitivity through the magnetooptical waveguide for each polarization separately. The effect of multiple reflections at the discontinuities is considered by the propagation matrix .
2) Longitudinal Configuration:
In this configuration, the magnetization lays in the direction, resulting in the dielectric tensor for the magnetooptical layers (34) Unlike the transversal configuration, the modes in the magnetooptic waveguide are not purely TE or TM, but a mixture of them, avoiding the separation of the different polarizations in the formalism.
Since the reflection symmetry is always satisfied for the slab waveguides and taking into consideration the axial character of the magnetization vector, it can be shown that the forward-and backward-guided modes exhibit the same propagation constant in this configuration [26] , i.e., These relations introduce some simplifications in the calculations and then only the calculation of the forward modes of the normal and complementary waveguide is necessary.
First, we consider the interface between the first and second waveguides, where the following relation between modes is fulfilled:
(37) neglecting again the coupling of the radiative modes into the guided modes of the second waveguide. Thus, the former equations represent the coupling of the TE and TM modes of the first isotropic waveguide into the first and second modes of the nonreciprocal waveguide.
Regarding the second discontinuity, the relation between the different modes is given by (38) Then, (38) shows the coupling of the modes of the magnetooptical waveguide into the TE and TM modes of the third guiding medium. The propagation of the modes along the second guiding medium and the effect of multiple reflections is characterized by the propagation matrices and . Therefore, an interference phenomenon takes place at the discontinuities since the nonreciprocal modes excite the TE and TM modes of the first and third waveguides.
Introducing the equations of the first discontinuity in (38) and rearranging terms, it can be found that (39) These equations can also be expressed in a matrix form (40) The diagonal matrices represent the coupling between modes of the same polarization. In contrast, the nondiagonal matrices describe the conversion of the TE modes into the TM, and vice versa, owed to the effect of the longitudinal magnetization in the nonreciprocal waveguide.
The modes at the first discontinuity can be expressed as (41) where represents polarization state at the first discontinuity. Introducing the former relations in (42) and dividing by obtains (42) As a consequence, the polarization state of the transmitted light at the second discontinuity is given by (43) while, for the reflected light, it is given by (44) The propagation constants of the modes in the magnetooptic waveguide are in general different, inducing a birefringence effect. Therefore, and will be complex numbers, whose real part will represent the rotation state of the light, while the imaginary part will correspond to the ellipticity. As a conclusion, the magnetization induces a rotation of the polarization of the light traveling within the waveguide, and this effect depends on the nondiagonal term of the dielectric tensor . However, such rotation can be disturbed as a consequence of the birefringence of the modes in the nonreciprocal waveguide.
3) Polar Configuration: The polar configuration has the magnetization oriented in the direction and a dielectric tensor given by (45) As in the case of the longitudinal configuration, the modes of the waveguide are not TE or TM. In this configuration, the magnetization is perpendicular to the direction of propagation of the light and, therefore, exhibits the same symmetry relations of the transversal configuration [26] , given by (29) and (30) . Such behavior is due to the axial character of the magnetic-field vector. In this direction of the magnetization, however, another symmetry relation is satisfied. Since the modes of the waveguide are not TE or TM, all the formalism that correlates the modes at each interface can be described identically to the case of the longitudinal configuration [(37)- (44)] but considering that the propagation and coupling matrices satisfy different symmetry relations.
V. PRACTICAL APPLICATIONS
Typical applications of the nonreciprocal devices are isolators or circulators. Such commercial devices can be found nowadays in bulk form. There is a growing interest to develop these kinds of devices in integrated versions, because then they can be compatible with fiber optics, the magnetic fields required are low, and the production costs can be reduced. In the case of isolators, three different configurations can be found to achieve the isolation: a 45 nonreciprocal rotation in the longitudinal configuration [1] - [4] , and nonreciprocal phase shifts in the transversal [7] , [8] and polar [9] configurations, for the TM and TE modes, respectively. The most commonly used magnetooptic materials in the field of integrated optics are the yttrium iron garnets (YIG), as they present very good transparency in the near infrared. Recently, the study of the growth conditions of polycrystalline magnetic garnets over amorphous substrates such as SiO has begun, obtaining similar magnetooptic properties as the monocrystalline layers [30] , [31] . Such studies are quite interesting since they allow the combination of the magnetooptical properties of the garnets with the advantages of the microelectronic technology. Within this context, an example of the developed formalism for a practical application as an isolator based on nonreciprocal phase shifts will be presented. Another possibility to join the magnetooptical waveguides and the silicon technology can be achieved via the hybrid integration [4] . As a consequence, the formalism will be used to simulate a hybridly integrated isolator in the longitudinal configuration. 
A. Isolator Based on Nonreciprocal Phase Shifts
The changes induced by the magnetization in the effective propagation index can be used to develop an isolator in an interferometric configuration, as in an integrated Mach-Zehnder interferometer (MZI) [7] , [8] . If the interferometer is asymmetric with a reciprocal phase difference between branches, a nonreciprocal phase shift induced by the magnetooptic medium will cause a constructive interference for the forward-traveling light and destructive for the backreflected. The structure that will be studied is depicted in Fig. 2 .
The first and third guiding media are two monomode waveguides with an Si N core and SiO claddings. The magnetooptic waveguide is composed by a Cerium-substituted YIG (Ce:YIG) layer deposited over an Si N layer. Different thickness will be chosen in order to optimize the magnetooptic effect, as well as the optical absorption and the radiation losses at the discontinuities. The refractive indexes of the SiO and Si N are 1.46 and 2.00, respectively. On the other hand, the dielectric constants of the Ce:YIG layer are and at a wavelength of 1500 nm [6] . First, we will look for the configuration of the magnetooptic waveguide that maximizes the nonreciprocal phase shift without considering the radiation losses at the discontinuities. Fig. 3(a) represents the propagation distance necessary to obtain a nonreciprocal phase shift ( ) as a function of the Ce:YIG layer thickness, for different thickness of the Si N layer, where is given by (46) with being the wavelength of the light. Conversely, the intensity found after the propagation is shown in Fig. 3(b) . With both graphs, it is possible to select the thickness of the layers to achieve the lowest absorption or the shortest propagation distance. In the first case, the optimum configuration is obtained for a Si N thickness of 300 nm and a Ce:YIG thickness of 150 nm. In contrast, a 280-nm garnet layer deposited over a 300-nm Si N layer is necessary to minimize the propagation length.
Once the coupling with the first and third waveguides is introduced, the thickness of the Si N core layer of such waveguides is adjusted to optimize the coupling losses at the discontinuities, using (31)-(33).
For the first structure, with a 150-nm Ce:YIG layer, Fig. 4 (a) shows that the highest transmitivity is achieved with a 340-nmthick Si N core layer in the first and third waveguides. For the second configuration, however, the optimal Si N thickness is 500 nm [ Fig. 4(b) ]. In both cases, the optimal configurations minimize the reflectivity at the discontinuities, preventing the problems of the backreflected light.
In conclusion, the isolation can be achieved for lengths of the magnetooptical area shorter than 1 mm, with transmitivities better than 80%, allowing the fabrication of very compact devices. Besides, in this type of structures, the top SiO layer acts as a protecting mask, allowing the direct deposition of the magnetooptic material in the desired regions. Therefore, such a structure can facilitate the fabrication process of the device.
B. Hybrid Isolator Based on a 45 Nonreciprocal Rotation
Another method to obtain the isolation from the backreflected light is the use of a nonreciprocal rotation of 45 in the longitudinal configuration. The nonreciprocal rotator is hybridly integrated within a silica integrated optical circuit. The required structure to achieve the isolation is described in [5] and is composed by the 45 nonreciprocal rotator, a half-wave plate, and two polarizers. As a consequence, an incident TE mode traveling in the forward direction maintains its polarization at the output, while the backward-traveling light is rotated 90 and blocked with the input polarizer.
We are going to study the effects of the discontinuities introduced by the hybrid integration. The magnetooptic waveguide is formed by three YIG layers whose optical properties are the same as [5] and whose thickness is 1.8 m (see Fig. 5 ). This waveguide is hybridly integrated between two silica waveguides, as can be seen in Fig. 5 .
If the discontinuities are not considered, the polarization state for an incident TE mode as a function of the length of the magnetooptic waveguide is represented in Fig. 6 . These calculations are performed replacing all the coupling matrices by the identity matrix in (39).
The state of rotation and the ellipticity have a periodic dependence with the propagation distance due to the birefringence between modes. The period is 7700 m, corresponding to a birefringence of On the other hand, Fig. 7 shows the polarization state of the transmitted light as a function of the length of the magnetoop- tical waveguide, if the effect of the discontinuities is considered by means of (39)-(43).
The introduction of the discontinuities induces a new periodic effect for the reflected and transmitted light, as can be seen in the inset of Fig. 7 , due to the multiple reflections at the discontinuities. As a consequence, its origin is not magnetic, and the period is given by 0.37 m The reflectivity of the incident TE mode exhibits such periodic dependence, as is illustrated in Fig. 8 . The high contrast between the effective propagation indexes in this hybrid configuration induces a very high values of reflectivity, as Fig. 8 shows. However, the effect of the multiple reflections can be used to diminish the reflectivity.
Therefore, the length of the second waveguide should be selected to act like an antireflecting coating for obtaining a perfect isolation. As an example, Fig. 9 shows the isolation that is achieved for the backward-traveling light in the situations in which the reflection at the discontinuities is minimized or maximized. Fig. 8 . Reflectivity of the TE mode versus the length of the magnetooptic guiding medium due to the effect of the multiple reflections at the discontinuities. Fig. 9 . Isolation of the backward-traveling light when the magnetooptic medium is in the reflecting or antireflecting configurations, respectively. Extinction ratios as poor as 7 dB are obtained if the configuration is not antireflecting, as can be observed in Fig. 9 . If the waveguide length is optimized, however, isolations greater than 30 dB can be achieved. Finally, the coupling losses at the discontinuities are 0.3 dB in this configuration.
Although the hybrid integrated devices can be designed to present very low coupling losses, the discontinuities play an important role, since the contrast between the effective propagation indexes in the different components can be very high.
Both examples evidence the importance of a careful design of the parameters of the integrated magnetooptic devices.
VI. CONCLUSION
A formalism that allows the treatment of discontinuities in nonreciprocal waveguides has been presented. This formalism is based on a general orthogonality relation obtained from the reciprocity theorem, together with the modal expansion of the transverse electromagnetic fields and the continuity of such fields at both sides of the discontinuity. Finally, the formalism is expressed in a matrix form, allowing the study of the effect of several discontinuities as a simple summation and multiplication of coupling and propagations matrices. Thus, the transmitivity and reflectivity through the discontinuities is obtained straightforwardly as a solution of a set of linear equations.
The most common nonreciprocal media are the magnetooptic media. Within this framework, examples of the presented formalism for discontinuities in magnetooptic waveguides with different orientations of the magnetization have been shown. In addition, two practical applications of the magnetooptical waveguides as isolators have been analyzed.
